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Link to Movie 4 in mp4 format.  Link to Movie 4 in wmv format 

Movie 4: A metastable spark generated by a large release unit featuring 13x13 RyRs and 

increased junctional SR Ca refiling rate (TAUFILL was decreased from its original value of 6.5 

ms to 1.5 ms).  Green line shows CaSR level of our Ising model prediction for phase transition (at 

h=0). RyR spacing, computational voxels, and [Ca] scale were 30 nm, 10x10x15 nm, and 30 μM, 

respectively. 



https://drive.google.com/open?id=0B68Q9S0HOGLHaThvLVdtb3pnQkU
https://drive.google.com/open?id=0B68Q9S0HOGLHNFdOQS1CaGZHLTQ


METHODS

1. Brief intro to the Ising model

The classical Ising model consists of binary random variables (i.e. taking
values ±1) called spins positioned on a 2D lattice Λ. A configuration
of spins is a function σ that assigns 1 or -1 to each point x ∈ Λ. The
configuration space is the set of all possible assignments of spins to points
in Λ i.e all possible functions σ : Λ → {1,−1}. We fix an interaction
profile φ : R → R with φ(x) → 0 as x → ∞ decaying rapidly and φ > 0.
We scale φ so that φ(1) = 1. We furthermore place our finite grid Λ inside of
a bigger lattice Λb (b for boundary) and let σ(x) = −1 for any x /∈ Λ. In this
way we impose a -1 boundary condition on Λ. Here Λb\Λ must “frame”
Λ and its thickness has to be at least as wide as the effective interaction
range.

The Hamiltonian is

(1) H(σ) = −
∑
x,y∈Λ̃

φ(|x− y|)σ(x)σ(y)− h
∑

Λ

σ(x)

Here the first sum is over Λ2
b instead of Λ2. This is necessary to ensure the

interaction with the boundary.
In physics, h is the magnetic field. The Hamiltonian can be interpreted

as the energy of the system. The equilibrium measure (Gibbs measure) is
given by

(2) π(σ) = Ze−βH(σ).

The normalization constant Z is well-defined since our lattice Λ is finite,
and we will not need to know it explicitly for our analysis. Here β is the
inverse temperature.

2. Dynamic Ising: detailed balance and the transition rates

Let Λ be a 2 dimensional integer lattice of a finite size. Recall that Ω is
the configuration space and σ : Λ → {1,−1} be an element of Ω. One can
introduce a dynamic on spin configurations. Then the configuration space
Ω becomes the state space for a Markov chain with a transition matrix P .
We introduce the notation σx to mean

σx(y) =

{
σ(y) for y 6= x

−σ(y) for y = x

i.e. σx coincides with σ everywhere except at x, where the spin is reversed.
To obtain a Glauber-like dynamic for the Ising model, it suffices to choose a
spin uniformly at random at each time increment and to give the probability
that it flips, i.e. to give P (σ → σx).
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2 FERROMAGNETIC PHASE TRANSITIONS

The condition on P that guarantees that π as in (2) is indeed the equi-
librium measure for the Markov chain is called detailed balance, and it
states that the Markov chain is reversible with respect to π. The equation
for detailed balance is the following: for all σ ∈ Ω and x ∈ Λ we have that

(3) P (σ → σx)e−βH(σ) = P (σx → σ)e−βH(σx).

This is equivalent to

P (σ → σx)

P (σx → σ)
= eβH(σ)−βH(σx)

= e−2β(
∑

y∈R2 φ(|x0−y|)σ(x0)σ(y)+h) = e2β(
∑

y∈R2 φ(|x0−y|)σ(y)+h).

(4)

The detailed balance equations will be satisfied for a wide variety of rates
P , so we can choose P to be most appropriate to our CRU model. Since
we know that the release channel opening rate is an exponential while the
closing rate is a constant, we look for P so that the transition from 1 to -1 is
exponential while the transition from -1 to 1 is a constant. This indeed can
be achieved simultaneously with the detailed balance condition. If σ(x) =

−1 we let P (σ → σx) = Ce2β(
∑

x∼y σ(x)σ(y)+h(x)) yielding that also P (σx →
σ) = C. Thus the chain is given as follows. We pick a location x0 uniformly
at random the transition matrix P is as follows:
(5)

P (σ(x), θ(x)) =


Ce2β(

∑
y∈Λ φ(|x0−y|)σ(y)+h) for σ(x) = −1, θ(x) = 1

1− Ce2β(
∑

y∈Λ φ(|x0−y|)σ(y)+h) for σ(x) = −1, θ(x) = −1

C for σ(x) = 1, θ(x) = −1

1− C for σ(x) = 1, θ(x) = 1.

We ensure that C is small enough so that all transition probabilities are
smaller than 1, and note that with this definition P is indeed stochastic.

3. The calcium release unit as an Ising model

A numerical model of the calcium release unit (CRU) consists of a square
grid of calcium release channels Λ and each release channel can be open or
closed. We assign 1 to each open and -1 to each closed release channel, thus
obtaining a configuration σ : Λ → {1,−1}. We introduce the constant U
to represent the spacial distance between nearest release channels. In our
numerical model, is U = 30 nm.

We let ψ be the time-stable spacial calcium profile resulting from the
opening of one RyR. We obtain ψ from our numerical simulation. However,
ψ is an immediate result of the environment including current, diffusion,
and buffer and is not an emergent property. We interpret φ as a scaled
interaction profile, and let φ in (10) be given as

φ(t) =
ψ(Ut)

ψ(U)
.

The multiplication by U accounts for the fact that the release channels are
U units apart while spins are 1 unit apart. We also scale the function φ so
that φ(1) = 1. We choose this scaling for φ to make it similar to the classic
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Ising model where each spin interacts with 4 neighbors with a strength of 1.
This will yield values of β in a similar range as those obtained in the study
of the classical Ising model.

The distance between CRUs is assumed to be too large for calcium from
one CRU to influence another. On the other hand, calcium is diffusing out
of the CRU and in this way the release channels in the CRU interact with
the outside. The model would be identical if the CRU were surrounded by
release channels that are always closed. In this way, the boundary condition
of the CRU model is equivalent to a negative boundary condition of the
Ising model.

We will compute the analogues of inverse temperature β and the magnetic
field h in our CRU model as functions of initial model parameters. They play
the exact same role in the mathematical description of our CRU model as
they do in the Ising model even though they do not carry the same physical
meaning. We will note that β is an increasing function of the concentration
of Ca inside the junctional SR and we vary the SR Ca in our numerical
model to test the predictions of the CRU Ising model.

4. Relating [Ca]2+ and the Ising Hamiltonian

Let us introduce the set S := {s ∈ R : s = |x − y| 6= 0 for some x, y ∈
Z2}. We can rewrite both the local [Ca]2+ and the exponent in P in terms
of a sum over S. Given a configuration of open and closed release channels
σ and a given release channel at a point x0, let NUs be the number of open
RyRs at a distance Us from x0. If the release channel at x0 is closed, we
can approximate [Ca]2+ at x0 by

(6) [Ca]2+ =
∑
s∈S

ψ(Us)NUs.

We similarly rewrite P . Let us fix x0 ∈ Λ. We introduce the following
notation:

Ts := total number of spins at distance s from x0

Ls := number of -1 spins at distance s from x0

Ns := number of +1 spins at distance s from x0

Then Ns +Ls = Ts. Then we can rewrite the expression in the exponent of
the Ising -1 to +1 transition probability in (5) in the following way:

∑
y∈Λ

φ(|x0−y|)σ(y) =
∑
s∈S

φ(s)(Ns − Ls) =
∑
s∈S

φ(s)(2Ns − Ts)

= 2
∑
s∈S

φ(s)Ns −
∑
s∈S

φ(s)Ts ≈ 2
∑
s∈S

φ(s)Ns − 2π

∫
s>.5

φ(s).

(7)

In the last approximate equality, we have replaced
∑

s∈S φ(s)Ts by 2π
∫
s>.5 φ(s)

where the factor of 2π is due to the fact that
∑

s∈S φ(s)Ts is approximately
a 2D integral of a rotationally symmetric function.
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5. Crucial parameters and the spark termination criterion

We want to solve for the analogues of h and β in the CRU model. From

experimental data we fit the exponential λeγ[Ca]+ to the Ising transition rate
from -1 to +1 in (5):

λeγ[Ca]+ = Ce2β(
∑

y∈Λ φ(|x0−y|)σ(y)+h)

Then we replace the LHS using (6) and the RHS using the expression derived
in (7) to obtain

λeγ
∑

s∈S ψ(Us)NUs = Ce2β(2
∑

s∈S φ(s)Ns−2π
∫
s>.5 φ(s)+h)

= Ce−4βπ
∫
s>.5 φ(s)+2βhe4β(

∑
s∈S φ(s)Ns)

(8)

Since we wish the above equality to hold for any configuration, we must
equate the coefficients of

∑
s∈S φ(s)Ns to obtain

β = γψ(U)/4.

Next we equate the coefficients in front of e4β(
∑

s∈S φ(s)Ns) to obtain

λ = Ce−4βπ
∫
s>.5 φ(s)ds+2βh

yielding that

(9) h =
1

2β
ln

(
λ

C

)
+ 2π

∫
s>.5

φ(s)ds.

Rewriting h in terms of the calcium profile ψ we obtain

(10) h =
2

γψ(U)
ln

(
λ

C

)
+ 2π

∫
s>U/2

ψ(s)

Uψ(U)
ds.

Since h is the analogue of the magnetic field in the CRU model, the
emergent behavior of release channels can be predicted based on h. During
termination all the release channels begin in an open state (analogous to
+1). The calcium diffusion out of CRU is equivalent to a negative boundary
condition. We can hence deduce the signal termination criterion: If
h < 0, then the spark will terminate and this termination is mathematically
identical to reversal of polarity in ferromagnetism. On the other hand, if
h > 0, the spark will be metastable.




