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Biologically important membrane channels are gated by force at attached tethers. Here, we generically characterize the non-trivial interplay of force, membrane tension, and channel deformations
that can affect gating. A central finding is that minute conical channel deformation under force
leads to significant energy release during opening. We also calculate channel-channel interactions
and show that they can amplify force sensitivity of tethered channels.
PACS numbers: 87.16.dm, 87.14.ep, 87.15.kt

a. Introduction.– The conversion of mechanical signals to a biochemical response is essential for living matter. One important class of mechanosensing proteins
are membrane channels that are required for numerous
biological functions, such as hearing [1], the sense of
touch [2], or regulation of intracellular mechanics [19].
Recently, mechanosensitive channels have received considerable scientific attention, mostly with a focus on
tension-sensing [4, 5]. A fundamental insight was that
membrane energy is sufficient to cause channel deformations that lead to gating, i.e. opening or closing of the
channel. As reviewed in [6], the deformation modes include conical shape changes [7–11], radial expansion [12–
15], or changes in channel hydrophobic thickness [5, 17].
However, in many cases the channels are directly tethered
to cytoskeletal or extracellular structures, which allow a
direct transmission of mechanical force [18–20].
One example of a tethered channel is the DEG/ENaC
complex, which conveys touch sensing in C. elegans [21].
Here, an ion channel is likely opened by mechanical interaction with intracellular or extracellular proteins [22].
Further examples of tethered channels are force-sensitive
TRP channels that possess intracellular ankyrin domains.
Ankyrin repeats are proposed to function as “gating
springs” that convey force [18, 23–25]. These tethers
have an estimated stiffness of 1 pN/nm and a working
range on the order of 10 nm. Thus, forces are estimated
to be around 10 pN [27, 28]. The pN force scale is also
confirmed by experiments [19]. Since the observed gating
is stochastic [17, 18], energy barriers are expected to be
comparable to the thermal energy.
A role of the membrane has been experimentally verified for tethered TRPA1 channels. Here, gating depends robustly and asymmetrically on membrane curvature that is induced by amphipathic molecules, partitioning either in the inner or outer leaflet [30]. Furthermore,
GsMTx-4, a toxin that inhibits tension-activated channels through perturbing the bilayer [31], causes gating of
TRPA1 [30]. In spite of experimental evidence, a theoretical analysis of the role of the membrane for tethered
channels is lacking, and this is the focus of this Letter.
In quasi-equilibrium, channel gating is governed by an
energy F , which depends on the internal molecular state
and on the deformation of the membrane around the
channel. Thus, F = Fint + Fm . The internal energy Fint

is determined by structural details, whose characterization requires intricate molecular dynamics studies [32].
In contrast, the membrane energy Fm always affects gating if sufficient channel shape changes occur [6]. Focusing on generic principles, we study how force and the
membrane affect two main channel deformation modes,
namely conical deformation and radial expansion.
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FIG. 1. Model for a tethered channel embedded in a lipid
bilayer. Variables are defined in the main text. The channel
shape changes either by conical deformation where the angle
α varies or by radial deformation with variation of b.

b. Calculation of membrane energy.– We consider
a radially symmetric channel that is placed on the centerline of a cylindrical system with radial coordinate r
(Fig. 1). A constant vertical force F is exerted on the
channel, with signs chosen such that F > 0 is directed
upwards. The channel radius is denoted by b; typically
b ≃ 3 nm. A conical channel shape is characterized by the
angle α, with signs chosen such that α > 0 corresponds
to a channel with small side pointing upwards. The channel is surrounded by a fluid lipid bilayer. The height of
the center of the bilayer above a reference plane is denoted by h(r), with h(0) being the height at the channel
center. The bilayer thickness is denoted by 2ℓ(r). Hydrophobic properties of the channel can force the membrane leaflets to splay, leading to a perturbation of the
equilibrium leaflet thickness u(r) ≡ ℓ − ℓeq . Typically,
ℓeq ≃ 1.75 nm [33]. The linearized membrane deforma-
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where the surface integral extends over the entire reference plane outside the channel. Neglecting shear forces
between the leaflets, we assume that the bending modulus κb is the same for thickness perturbations u and
height perturbations h. Typically, κb ≃ 25 kB T [33].
Changes of membrane thickness are penalized by the
term ∼ κa u2 , where κa ≃ 40 kB T/nm2 [5, 33]. Tension γ maintains constant area of both leaflets. For eukaryotes, tension is usually low, γ ≃ 10−3 kB T/nm2 [35],
and large amounts of excess area are believed to lead
to constant tension [36]. Therefore, in line with previous research [37], we assume that the force F does not
appreciably affect membrane tension. A large natural
scale for tension can be fixed by combining the bending modulus and channel radius as γS ≡ κb /b2 ; typically
γS ≃ 2.7 kB T/nm2 ≫ γ.
Depending on membrane composition, the orientational ordering of lipids may affect deformations on the
nanometer scale [12, 39, 40], which may require further
terms in Eq. (10) [6–11, 14–16]. The influence of lipid tilt
is analyzed in the Supplemental Material. Furthermore,
elastic interactions between the membrane and environment may change Fm . An elastically supported membrane is studied in the Supplemental Material.
The membrane height h(r) is locally determined by a
combined effect of tension and bending, which allows the
introduction of a characteristic lengthscale as
p
ξ −1 ≡ κb /γ.
(2)
Typical values of the lengthscale are ξ −1 ≃ [5 . . . 500] nm,
which is larger than the channel radius b. A variation of
Eq. (10) yields equilibrium equations determining h(r)
as
∇2 (∇2 − ξ 2 )h = 0,

F = 2πbκb ∂r ∇2 h − ξ 2 h |b ,

(3a)
∂r h|b = α,

(3b)

where the boundary conditions involving F and α fix the
height and contact angle at the channel. Far away from
the channel, at r = L ≫ b, we assume h|L = 0.
A variation of Eq. (10) also yields the equation determining thickness perturbations u(r). If the membrane
leaflets are fixed to the channel walls by chemical interactions, the force F does not change the thickness perturbation around the channel. Then we have
2
2
)(∇2 − η+
)u = 0,
(∇2 − η−
u|b = (ℓc − ℓeq ),

∂r u|b = 0,

(4a)
(4b)
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where η±
≡



q
ξ 2 ± ξ 4 − 4κa /(ℓ2eq κb ) /2 and ∂r u|L =

0, u|L = 0. The lengthscale of thickness perturbations is
−1
−1
η̄ −1 ≡ (η+
+ η−
), which is about 1.5 nm [1, 4].
Once u and h are calculated, the energy Fm results
from Eq. (10) [34]. Due to its two-dimensional nature,
Fm displays a logarithmic divergence with system size
L. However, this divergent energy does not depend on
channel shape parameters, and is thus immaterial for gating. We remove the divergence and other constants by
defining F̃m ≡ Fm + F 2 [Γe + log(ξL/2)]/(4πγ), where
Γe = 0.577 . . . is the Euler-Mascheroni constant. Since
usually bξ < 1, the membrane energy can be expanded
up to O((bξ)3 ) to yield a transparent formula
F̃m ≈ d2 b − γπb2 (1 − α2 X) + bαF X +

b2 (F + 2bαγπ)2 Y
,
4κb π
(5)

where d2 ≡ πκb (ℓc − ℓeq )2 η+ η− (η+ + η− ) [34]. Further
constants are X ≡ −Γe − log[bξ/2] and Y ≡ (1 + 2X +
2X 2 )/4; X and Y are both positive for bξ < 1.
Eq. (5) allows to calculate how membrane energy
changes with channel shape. The first term d2 b results
from membrane thickness perturbations u around the
channel. This energy is independent of F and penalizes
radial expansion. Note that d2 may change with channel
deformation if the hydrophobic thickness varies. Other
small-scale effects, such as tilt of the lipids, bending of
their acyl chains, and the detailed channel structure may
also affect d2 . The second term in Eq. (5) results from
membrane tension. This energy contribution usually decreases with radius b, except when the channel is very
conical α2 X > 1. The two last terms in Eq. (5) contain
the effect of the force. An important role of the conical
shape is evident from the occurrence of α in both terms.
In the following, we use Fm to analyze the energetics of
channel deformation.
c. Conical deformation.– We first study a change
of the conical angle α. For an initially closed channel
with α = αc , the angle may change during gating as
αc → αc + ∆α. The membrane favors such a channel
deformation if the energy is reduced as Fm (αc + ∆α) −
Fm (αc ) < 0. Fig. 2a indicates how Fm changes with
∆α. A force F tilts the energy function, making conical
deformation favorable in one angular direction and unfavorable in the other. For physiologically low membrane
tension < 10−1 γS , Fig. 2a illustrates that membrane energy varies almost linearly with ∆α. In this case, Eq. (5)
yields
F̃m (∆α) − F̃m (0) ≃ bF X ∆α.

(6)

Using this simple formula with typical values F = 10 pN,
b = 3 nm, ξ −1 = 50 nm, we find that an angular deformation of ∆α = 3◦ corresponds to an energy change of
≃ 1 kB T. Hence, minute molecule deformations of even
1 Å significantly affect the membrane energy in the presence of a force.
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of these membrane properties.
In Fig. 2b, data for αc 6= 0 illustrates deformation of
a channel that already has a conical shape. For small
tension, γ/γS . 10−2 , all curves lie on top each other
since force thresholds F ∗ are not affected by the initial
conical angle αc . On the other hand, strong tension can
deform a channel with αc 6= 0 even when F = 0.

FIG. 2. a) Change of membrane energy with conical angle ∆α
when the channel is initially cylindrical (αc = 0). Force F > 0
tilts the function to make deformations ∆α < 0 energetically
favorable (dotted lines). b) Lines of threshold forces F ∗ (γ, αc )
that allow opening against an internal molecular resistance
δα /b. Note the amplification of applied force F ∗ b/δα < 1,
which results from membrane leverage. Representative parameters: b = 3 nm, κb = 25 kB T, δα = 180 kB T/π.

Next, we assume that the molecular channel structure
poses an energetic barrier to conical deformations. Without knowledge of details, the resistance to deformation
can be described through an energy scale δα ≡ ∂α Fint |αc .
Applying force to a channel causes conical deformations
if the net energy is reduced −|∂α Fm |αc + δα ≤ 0. Force
thresholds F ∗ for the occurrence of conical deformation
are thus calculated from the criterion |∂α F |αc = δα .
Fig. 2b displays lines for F ∗ that separate parameter regions where conical deformation occurs. Note the scale
on the ordinate F b/δα < 1, which means that a small applied force F can overcome larger resisting internal force
δα /b and thus cause conical deformation.
To understand this amplification of the force F we
use Eq. (6) and estimate |∂α Fm |αc ∼ bF X. Equating membrane deformation energy with internal energy
|∂α Fm |αc = δα , the threshold force follows as F ∗ ∼
δα /(bX). Thus, forces result from dividing the internal
energy scale δα by a lever arm length bX ∼ −b log(bξ),
which includes the large scale membrane deformation.
Since X depends only logarithmically on γ and κb ,
threshold forces are relatively robust against variation

FIG. 3. a) Membrane energy F̃m vs. channel radius b. Opening is favored when ∂b F̃m < 0. For F = 0, an assumed hydrophobic mismatch (ℓc − ℓeq ) = 0.2 nm dominates Fm , thus
∂b F̃m > 0. ∂b F̃m < 0 requires a conical channel with αc F < 0.
b) Lines of threshold forces F ∗∗ (γ, αc ) at which radial expansion becomes possible. Full lines: For γ < γo , threshold
forces describe hyperbolic regions where opening occurs when
|αc | > |αmin |. Dashed and dotted lines: When γ ≥ γo , membrane tension is sufficient to radially open a channel at αc = 0.
In b) (ℓc − ℓeq ) = 0. Representative parameters: κb = 25 kB T,
κa = 40 kB T/nm2 , bc = 3 nm, δb = 1 kB T/nm.

d. Radial deformation.– Channel gating may lead
to an increase of the radius b. However, if ∂b F̃m (b) >
0, membrane deformation does not favor this expansion.
Fig. 3a shows the dependence of membrane energy F̃m on
radius b for typical parameter values. Clearly, ∂b F̃m (b) <
0 only occurs for a pronounced conical shape. For small
angles αc ≃ 0 or large F , force always favor radial closure
of the channel.
Analogous to the analysis of conical deformations, we
next assume that the channel itself resists radial deformation through an internal force δb ≡ ∂b Fint |bc , which
is caused by conformational changes. Threshold forces
for radial opening F ∗∗ are calculated from the condition
∂b Fm |bc + δb = 0. Fig. 3b displays thresholds F ∗∗ that
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separate regions of parameters (F, αc ) where channels are
open or closed. The shape of these regions depends on
tension γ. The critical tension γo ≡ (d2 + δb )/(2πbc ),
which opens a cylindrical channel αc = 0 when F = 0,
allows discrimination of two regimes. For γ > γo , we find
one central parameter region where the channel is held
open by tension. When γ < γo , two hyperbolic regions
exist where force can lead to radial opening when pushing towards the larger side of a conical channel. These
hyperbolic regions are limited by finite angles |αmin |. To
O((bξ)2 ), we find α2min ≈ |d2 + δb |bX 2 /(κb π(1 − X)2 ).
Since α is always limited by geometry, we can use this
formula to estimate maximum internal forces δb that can
be overcome by external forcing. Assuming |αmin | < π/3,
d2 = 0 and typical parameters employed above, we estimate δb . 16 kB T/nm. This maximum force scale is not
large and membrane channels possibly have a less pronounced conical shape. Therefore, radial expansion in
a weak-tension membrane is likely not favored by force,
which is in contrast to conical deformation.
e. Interaction between channels.– Membrane deformation can lead to collective effects where force at one
channel affects the gating of neighboring channels. For
F = 0, the interaction between membrane inclusions
has been studied extensively [3, 8, 52, 53, 55–59]. We
consider here two channels with radii b{1,2} and conical
angles α{1,2} that are separated by a distance R in a
homogeneous membrane. A force F is applied to each
channel. The membrane energy F̃m can be calculated
approximately through a multipole expansion assuming
ξb{1,2} ≪ 1 and R ≫ b{1,2} , which is appropriate for
R & 3b1 when b1 = b2 [60]. For the individual channels, we write the deformation energy given by Eq. (5)
as F̃m,1 and F̃m,2 , where the parameters b, α are substituted by b{1,2} , α{1,2} . For the interaction energy
F̃m,R ≡ F̃m − F̃m,1 − F̃m,2 we find [34]
F̃m,R ≈ (α1 b1 + α2 b2 )F K0 (ξR) + 2πγb1 b2 α1 α2 K0 (ξR)


X
(1 + 2Xi ) K0 (ξR) (1 − RξK1 (ξR))2
2 2
F bi
,
+
−
16κb π
8πR2 γ
i=1,2

(7)

where Xi = −Γe − log(bi ξ/2) and contributions of
O(b2i ξ/R, (bi ξ)2 ) as well as terms that do not depend on
αi , bi are neglected. Kn (x) are modified Bessel functions
of the second kind. Interaction becomes significant when
the distance R is smaller than the lengthscale ξ −1 .
To study the role of interactions for gating we focus on
the simplest case, namely conical deformation of initially
cylindrical channels (αc = 0 for both channels). Since
both forces have the same sign, interaction increases
the energy that can be released by conical deformation.
Analogous to the analysis for a single channel, force
thresholds F2∗ for combined conical deformation of two
neighboring channels can be calculated from the condition −|∂αi Fm |0 +δα = 0, i ∈ {1, 2}. Fig. S5 demonstrates
that force thresholds for conical deformation are significantly reduced by channel interaction. When R ≪ ξ −1 ,

FIG. 4. Channel interaction can enhance force sensitivity. For
close distances, Rξ ≪ 1, the force necessary for conical deformation of two channels F2∗ is almost as small as for a single
channel F ∗ . Lines end at the minimum distance R = (b1 +b2 ).
b{1,2} = 3 nm, αc = 0, κb = 25 kB T, δα = 180 kB T/π.

the force F ∗ that is necessary to deform a single channel almost suffices to deform two channels. Although
membrane-mediated interactions are not pairwise additive, two-channel interaction is believed to be dominant
for sparsely distributed proteins [55]. Consequently, we
expect from Eq. (7) that force-sensitivity of a channel ensemble can be amplified by collective mechanics, which
would allow a response to weak, local forces.
f. Experiments and predictions.– The theoretical
framework laid out in this letter is generic since the
membrane energy (10) affects gating of any deforming
channel. Whether membrane energy dominates the gating process must be investigated for specific channels
through experiments or molecular dynamics simulations.
For both avenues, the theory provides helpful predictions
and tools.
The current experimental status allows a few consistency tests. First, molecular structures [61, 62] indicate
that radial deformation of known tethered channels is
small, order 0.1 nm, but transmembrane units tilt during
opening. This finding is in line with the above analysis, where conical channel deformations under force are
favored by the membrane. Second, the observed activation of tethered TRP-channels through bilayer perturbations [30] supports a role of the membrane. Quantitative measurements of this type can be analyzed using
Eq. (5) by calculating gating probabilities, which we describe in [34]. Third, the theory predicts that channelchannel interaction can lead to a sub-linear dependence of
opening force on the number of tethered channels. This
effect may be measurable at small tensions, e.g., by force
application with an optical trap [19] when the tether density is varied biochemically [17].
Finally, we emphasize that tension sensing and force
sensing via tethers are not mutually exclusive, but complimentary mechanisms. While tension sensing requires
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γ & 1 kB T/nm2 , force sensing requires γ . 0.1 kB T/nm2
and becomes rather ineffective at large tension. For illustration, we consider TREK-1, an established tensionsensitive channel [63] that nevertheless associates with
the cytoskeleton [64, 65]. TREK-1 changes its conical angle αc ≃ −0.2 during gating as ∆α ≃ 0.36 while crossing
a molecular energy barrier of [4 − 7.7] kB T [20]. Gating
occurs at tensions in the range of [0.5 − 3] kB T/nm2 . Using Eq. (5), we estimate that a cytoskeletal force of |F | =
10 pN in the presence of gating-tension leads to energy
changes ∼ 2 kB T, which is smaller than the energy barrier. However, for weak tension, γ ∼ 0.01 kB T/nm2 , de-

formation under force releases ∼ 7 kB T, which is clearly
comparable to the gating energy barrier. We conclude
that some tethered channels likely play a double role as
force- and membrane-tension sensors.
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Supplemental Material for “Role of the Membrane for Mechanosensing
by Tethered Channels”

I.

MEMBRANE THEORY

The theory of membranes is very well developed. Technicalities that are necessary to derive the results in the main
text are widely known and can be found in the cited literature. In this supplemental material we intend to
summarize the known material and provide step-by-step derivations.
A.

Free energy of a lipid bilayer

Throughout this work we assume that the membrane-channel systems are in mechanical equilibrium. Physiological
processes producing force, such as touch, cell growth, or cell motion occur on timescales of seconds, minutes, or even
hours. On the other hand, mechanosensitive membrane channels roughly respond on time scales around 1 ms to a
few 100 ms. Therefore, time scales are assumed to be well separated.
We consider a lipid bilayer in a Monge representation parametrized by a two-dimensional position vector r in a
reference plane. See Fig. 1 of the main text for a graphical representation of the model. The vertical positions of the
upper and lower layers are denoted by h+ (r) and h− (r) respectively. The equilibrium thickness of the membrane is
denoted by 2ℓeq . For small deviations from the planar case, the membrane energy H can be written as





2
Z ′
κb 2
(∇h− )2
(∇h+ )2
h+ − h− − 2ℓeq
κ′
+ γ′ 1 +
d2 r, (8)
H=
(∇ h+ )2 + b (∇2 h− )2 + ℓeq K ′
+ γ′ 1 +
2
2
2 ℓeq
2
2
where the surface integration extends over the entire membrane. The first two terms result from splay-distortion of
the leaflets with the single-leaflet bending modulus κ′b . The third term represents the elastic energy due to
compression of the membrane in the vertical coordinate. The last two terms represent the area-conservation
constraint with a single-leaflet
surface tension γ ′ . Since we assume small gradients the functional determinant is
p
here approximated as 1 + (∇h± )2 ≈ 1 + 12 (∇h± )2 . We now switch to new variables, namely half the equilibrium
thickness deviation of the membrane (or thickness deviation of one leaflet) u, and the average height h, which are
defined as
u ≡ (h+ − h− − 2ℓeq)/2,
h ≡ (h+ + h− )/2.

(9a)
(9b)

We can split H into three contributions to separate all dependencies on u into Hu and all dependencies on h into Hh
as
Z
H = Hu + Hh + γ
d2 r,
(10)
with
κb 2 2
Hu =
(∇ u) +
2
Z
κb 2 2
Hh =
(∇ h) +
2
Z

 2
u
κa
γ
+ (∇u)2 d2 r,
2 ℓeq
2
γ
(∇h)2 d2 r,
2

(11a)
(11b)

where we defined κb ≡ 2κ′b , κa ≡ 2ℓeq K ′ , and γ ≡ 2γ ′ . Note that some authors also include a term ∼ γu, which
couples tension linearly to local thickness variation in Eq. (11a) [1]. Such a term is not considered in this work.
B.

Physiological parameter values

Typical values of the constants are given in the main text. We usually assume γ = 10−3 kB T/nm2 , κb = 25 kB T,
2ℓeq = 2.85 nm, κa = 40 kB T/nm2 .
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C.

Governing equations

Variation of the energy (10) proceeds
R along common lines by assuming fixed boundaries and using the
Euler-Langrange equations for H = H d2 r. When using cartesian coordinates for the plane x1 , x2 we have
0=
0=

X ∂2
∂H X ∂
∂H
∂H
u
−
+
= κa 2 − γ∇2 u + κb ∇4 u
2 x ∂(∂ 2 u/∂ 2 x )
∂u
∂x
∂(∂u/∂x
)
∂
ℓ
i
i
i
i
i
i

X ∂2
∂H
∂H
∂H X ∂
−
+
= −γ∇2 h + κb ∇4 h.
2 x ∂(∂ 2 h/∂ 2 x )
∂h
∂x
∂(∂h/∂x
)
∂
i
i
i
i
i
i
D.

(12a)
(12b)

Force and torque

We assume that forces and torques are applied equally to both leaflets but do not affect the boundary condition for
thickness deviation u at the channel wall since the latter is dominated by the chemical properties of the channel and
membrane. Then, variation of the boundary conditions for h yields an expression for the central force F acting
normal to the reference plane [2]. We switch to a cylindrical coordinate system with radius r and angular coordinate
ϕ on the reference plane below the membrane. For a circular membrane inclusion with radius b located at the origin
of the coordinate system, the force is expressed as
Z

2π


b∂r γh − κb ∇2 h |r=b dϕ.

(13)


∂r (γh − κb ∇2 h)b2 + κb b∇2 h |r=b cos ϕ dϕ.

(14)

F =−

0

Likewise, the torque on a circular inclusion can be calculated by variation of the boundaries. The condition for
vanishing torque leads to [3]
0=−

Z

2π

0

II.

CALCULATION OF MEMBRANE ENERGY Fm FOR A SINGLE CHANNEL

As seen from Eqns. (12a,12b), u and h are not directly coupled. Therefore, the calculation of H splits into two
separate problems for Hu and Hh .
A.

Energy of thickness variation Hu

We follow [4] for the calculation of membrane thickness u. On dividing Eq. (12a) by κb we obtain
0=

κa
γ 2
∇ u + ∇4 u.
u−
κb ℓ2eq
κb

(15)

Rewriting this quadratic form as
2
2
0 = (∇2 − η−
)(∇2 − η+
)u,

(16)

results in


s 
2
1
γ
4κ
γ
a
2
.
η±
= 
±
− 2
2 κb
κb
ℓeq κb

(17)

For the outer boundary of the system at r = L with L ≫ b we employ the conditions
∂r u|L = 0,
u(L) = 0.

(18a)
(18b)
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For the boundary conditions at the inclusion r = b we use a fixed membrane thickness that is prescribed by the
height of the hydrophobic channel region 2ℓc . The difference between the individual leaflet contact angles is denoted
by 2αu . We have

h+ − h− − 2ℓeq
|b = (ℓc − ℓeq ),
2


∂h−
1 ∂h+
|b = αu .
−
∂r u|b =
2
∂r
∂r
u(b) =



(19a)
(19b)

2
2
Solving Eq. (16) requires to first solve the two homogeneous equations (∇2 − η−
)uhom− = 0, (∇2 − η+
)uhom+ = 0
2
2
2
2
and then solve the corresponding inhomogeneous equations (∇ − η− )uin− = uhom+ , and (∇ − η+ )uin+ = uhom− .
−
The homogeneous solutions that stay finite for L → ∞ are given by A+
0 K0 (η+ r) and A0 K0 (η− r) where Kn (x) are
modified Bessel functions of the second kind. On using these functions for the inhomogeneous equations, it turns out
that the inhomogeneous solutions diverge in the large L limit. Thus,
−
u(r) = A+
0 K0 (η+ r) + A0 K0 (η− r).

(20)

The constants A±
0 follow from the boundary conditions as
A±
0 = ±

αu K0 (bη∓ ) + (ℓC − ℓeq ) η∓ K1 (bη∓ )
.
η− K0 (bη+ )K1 (bη− ) − η+ K0 (bη− )K1 (bη+ )

(21)

The energy contribution due to thickness results from Eq. (10) and becomes


2
2
2
αu K0 (η− b) αu (η−
− η+
)K0 (η+ b) + 2η−
η+ (ℓC − ℓeq )K1 (η+ b)
Hu = bκb π
η− K0 (η+ b)K1 (η− b) − η+ K0 (η− b)K1 (η+ b)


2
2
η− η+ (ℓC − ℓeq )K1 (η− b) −2αu η+ K0 (η+ b) + (η−
− η+
)(ℓC − ℓeq )K1 (η+ b)
.
+ bκb π
η− K0 (η+ b)K1 (η− b) − η+ K0 (η− b)K1 (η+ b)

(22)

This lengthy expression can be simplified by assuming γ 2 ≪ 4κb κa /ℓ2eq , which is appropriate for the physiological

FIG. S1. Thickness variation energy Hu calculated from Eq. (11a) and comparison with the approximation Eq. (26). Parameters:
αu = 0, γ = 10−3 kB T/nm2 , κb = 25 kB T, 2ℓeq = 3.5 nm, κa = 40 kB T/nm2 .

range of constants given above. Then, Eq. (17) approximated by
2
η±
≈ γ/(2κb) ± i

The lengthscale associated with η± is then given by

p

κa /κb /ℓeq.

−1
−1
(η+
+ η−
) ≈ (4κb ℓ2eq /κa )1/4 ≃ 1.5 nm,

(23)

(24)
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where we employed the parameter values given above. Since the channel radius is usually larger than the lengthscale
−1
−1
of tickness perturbations (η+
+ η−
) < b we expand Hu for large b to obtain
κb π
(2αu (η− + η+ )(ℓc − ℓeq ) + (η− + η+ )2 (ℓc − ℓeq )2 )
2
2η− η+
αu (ℓc − ℓeq ) + η− η+ (ℓc − ℓeq )2 )(η− + η+ )b
+ κb π(α2u +
η− + η+

Hu =

−

2
2
κb π(η− + η+ )(α2u + 2αu (η− + η+ )(ℓc − ℓeq ) + (η−
− η− η+ + η+
)(ℓc − ℓeq )2 )
+O
8η− η+ b

(25)


η− + η+
η− η+ b

2 !

.

To simplify the equation even more, we assume that αu = 0 [5]. Such an assumption is reasonable for membrane
proteins that have a straight outer wall which imposes the same contact angle on the two leaflets. Employing now
the parameter values given in the main text, we find that Hu can be well approximated well by a linear relationship
with positive slope
Hu ≈

κb π
(η− + η+ )2 (ℓc − ℓeq )2 + πκb (ℓc − ℓeq )2 η+ η− (η+ + η− )b,
2

(26)

which is the simplified expression given in the main text. Fig. (S1) shows a comparison of the approximation Eq. (26)
and the full expression Eq. (22). For a channel radius b > 1.5 nm, the linear approximation is seen to hold quite well.
B.

Energy of height variation Hh

The free membrane shape is determined by Eq. (12b), which is written as
∇2 (∇2 − ξ 2 )h = 0,

(27)

with ξ 2 = γ/κb . The solution is to be radially symmetric, with fixed boundary conditions at outer boundary of the
system r = L as
h(L) = 0,
∂r h(r)|r=L = 0.

(28a)
(28b)

At the channel wall with radius b the average contact angles of both leaflets is denoted by α. We assume that α is
fixed and dictated by the shape of the channel since lipid molecules tend to align side-by-side with the channel walls.
The boundary conditions at the protein are thus given by
h(b) = h(0) = const.,
∂r h(r)|r=b = α.

(29a)
(29b)

The final boundary condition determining h(0) is the force balance at the protein center where a constant vertical
force F is applied

F = − κb 2π∂r ξ 2 h − ∇2 h r|r=b .
(30)

Then, the solution of Eq. (27) is given by

h=

F log(L/r) (F + 2bαγπ)K0 (rξ)
−
,
2γπ
2bγπξK1 (bξ)

(31)

where we have dropped all terms that decay exponentially with ξL. Next, we calculate Hh from Eq. (10). The
gradient term can be expressed as (∇h)2 = ∇ · (h∇h) − h∇2 h. Using the governing equations, we find
Z
Z
Z
γ
γ
γ
h∂r h r dϕb |r=b +
h∂r h r dϕb |r=L −
hH ∇2 hS d2 r,
(32)
Hh = −
2
2
2
where hH and hS are the parts of h that fulfill ∇2 hH = 0 and (∇2 + ξ 2 )hS = 0. Again, we ignore terms that decay
exponentially with L and obtain up to a constant
Hh = −

F 2 log(L/b) (2bγπα)2 K0 (bξ)
F 2 K0 (bξ)
+
+
.
4bγπξK1 (bξ)
4γπ
4bγπξK1 (bξ)

(33)
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C.

Overall membrane energy

One part of the overall membrane energy is given by the energy related to thickness and Rheight perturbations
H = Hu + Hh . Since a size change of the channel affects the membrane area, the term γ d2 r in Eq. (10) produces
Rh
a second contribution to the overall energy. Third, we must add a term − 0 F dh′ to take into account the work
done by the the external force F . The result is
Fm = Hu + Hh + γ

Z

d2 r −

Z

h

F dh′ .

(34)

0

Assuming constant force applied on the channel at r = 0, we obtain for the work
−F h(0) = −F h(b) = −

F 2 log(L/b) (F 2 + 2bγπαF )K0 (bξ)
+
.
2γπ
2bγπξK1 (bξ)

(35)

Adding Hh yields
Hh − F h(0) = −

F 2 log(L/b) (F + 2bγπαF )2 K0 (bξ)
+
.
4γπ
4bγπξK1 (bξ)

To finally calculate the overall energy, we use γ
Fm = Hu − γπb2 +

R

(36)

dr2 = γπ(L2 − b2 ) ∼ −γπb2 and obtain

F 2 log(L/b)
(F + 2πγbα)2 K0 (bξ)
−
,
4πγ
bξK1 (bξ)
4πγ

(37)

The last term in Eq. (37) displays a logarithmic divergence with system size L, which is immaterial since we
consider only fixed L and F . Such energy terms that do not depend on channel shape parameters are removed by
defining F̃m ≡ Fm + F 2 [Γe + log(ξL/2)]/(4πγ), where Γe = 0.577 . . . is the Euler-Mascheroni constant. The
equation for F̃m in the main text is an expansion of Eq. (37) for ξb ≪ 1.

III.
A.

MODEL EXTENSIONS

Elastic interaction between membrane and environment

Sub-membrane structures can damp deformations, which possibly affects the energetics of channel shape change. We
model a supported membrane
R in a mean-field approach by adding a quadratic potential with stiffness per area ǫ to
Eq. (11b) as Hh,ǫ = Hh + 2ǫ h2 d2 r. In analogy to the equations for thickness perturbation u, we now have two
p
2
scales for height ν±
≡ (ξ 2 ± ξ 4 − 4ǫ/κb)/2. We obtain for ξ 4 < 4ǫ/κb the expression
Fm,ǫ


2
(F + 2πbκb ν+
α)2 K0 (bν+ )
= Hu − γπb +
2 − ν 2 )ν K (bν ) + c.c. ,
4πκb b(ν+
+
− + 1
2



(38)

which has a similar form as Eq. (37). In analogy to the effect of increasing membrane tension shown in Fig. 2a) of
the main text, increasing ǫ reduces the energy that can be gained by conical deformation. The membrane
lever that
p
amplifies externally applied forces leading to small thresholds F ∗ < δα /b becomes ineffective when 4 κb /ǫ . b,
which typically occurs for ǫ & 0.1 pN/nm3 .
If the effect of the p
bare membrane tension is much smaller than the effect of the elastic support γ 2 ≪ 4ǫκb , a single
lengthscale ξǫ−1 = 4 κb /ǫ governs membrane deformation. When expanding Eq. (38) for ξǫ b ≪ 1 we obtain
Fm,ǫ ≈ Hu − γb2 π + bαF (−Γe − log(
which has a similar form as Eq. (5) of the main text.

F2
bξǫ
+ O(b2 ξǫ2 ),
)) −
2
16ξǫ2 κb

(39)
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B.

Effect of lipid orientation on membrane energy

The mesoscopic description for lipid bilayers employed in the main text can be modified to account for the
microscopic orientational degree of freedom of lipid molecules [6–11]. Spatial variations of lipid orientation in the
leaflets produce an elastic energy. It has been demonstrated in experiments that tilt can affect membrane
deformations on a lengthscale smaller than a few bilayer thicknesses [12]. However, the microscopic details of
membranes around channels are to date somewhat unclear, and even molecular-scale simulations do not necessarily
reproduce the crowded environment of a real membrane correctly. Nevertheless, depending on lipid composition,
lipid tilt may be relevant for opening of membrane channels. To assess the role of lipid tilt for the force sensing
mechanisms discussed here, we distinguish between membrane thickness deviation u and average membrane height h.
−1
−1
Membrane thickness deviations u occur on short lengthscales (η+
+ η−
) ∼ 1 nm, where the lipid tilt could most
likely affect membrane shape. However, u only plays a role for the force-independent term ∼ d2 b in the central
equation (5) of the main text and is not pivotal for the discussed force-sensing mechanisms. The lumped expression
d2 also depends on an unknown change of the hydrophobic thickness of the channel during opening, on microscopic
distribution of hydrophobic residues on the channel molecule, and on the characteristics of the membrane. Including
the effect of lipid tilt does not necessarily lead to a more quantitative prediction of d2 and we do not attempt such a
description here. The reader is referred to [8, 13–15] for further discussions of the effect of lipid tilt on membrane
thickness.
In contrast to u, the height h of the membrane midplane couples to force F . To quantify the influence of lipid tilt on
the energy of midplane deformation, we extend the frameworks used in Refs. [8, 9, 16] to the case of finite force F .
The normal vectors at the upper (+) and lower (−) leaflets pointing towards the midplane are denoted by
N± ≈ ∓êz ± êr ∂r h± (r) (Fig. S2). The orientation of the lipids is described by nematic directors t± , which are the
unit vectors pointing along the center of the hydrocarbon chains towards the center of the bilayer. Assuming that
the directors are almost parallel to the leaflet normals, lipid tilt is written as
t±
− N± ≈ t± − N± .
t± N±
Then, the average tilt vector m and the tilt-difference vector m̂ are defined as
m± =

(40)

m+ + m−
m+ − m−
,
m̂ ≡
.
(41)
2
2
For the boundary condition along the channel wall we assume that the average orientation of the lipids is parallel to
the channel, which means −(t+ − t− )/2|r=b ≈ −αêr + êz . Using Eq. (41) along with the definition of the midplane
height h = (h+ + h− )/2, we find
m≡

α ≈ êr (∇h + m)|r=b ,
0 = êz m|r=b .

(42)

Note that this condition on the average tilt does not imply that the lipid tilt in individual leaflets vanishes.
Interactions between hydrocarbon chains and the channel wall can possibly lead to m̂|r=b 6= 0. We also assume that
all tilt vanishes at the periphery of the membrane, which is at r = L far away from the channel
m|r=L = 0.

(43)

When considering lipid orientation, the energy expression related to membrane height needs to be complemented by
terms for the elastic energy stored in tilt magnitude and spatial variations of tilt. The standard formulation
including splay ∼ ∇ · m and twist ∼ ∇ × m of the director field is
Z

1 
tilt
Hh =
κb (∇2 h + ∇ · m)2 + κm m2 + κtw (∇ × m)2 + γ(∇h)2 + γ̃ d2 r,
(44)
2

where γ̃ is a new constant combining the effect of tilt and surface tension on membrane area. The new elastic
constants κm and κtw are related to tilt magnitude and twist modes in the director field. The splay mode was
absorbed in the curvature term with bending constant κb [12]. As seen from Eqns. (44), the mean tilt m couples to
h, while the tilt difference m̂ does not affect h.
δHtilt
δHtilt
h
=0
The Euler equations are derived as usual through variation of Eq. (44). The requirements δhh = 0 and δm
in the interior of the membrane area yield
κb ∇2 (∇2 h + ∇ · m) − γ∇2 h = 0,
2

κm m − κb ∇(∇ h + ∇ · m) + κtw ∇ × (∇ × m) = 0.

(45a)
(45b)
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FIG. S2. Sketch of the channel model with leaflet normals N± and a lipid orientation that is described by the directors t± .

Taking the divergence of Eq. (45b) and insertion of the result into Eq. (45a) yields
∇·m=

γ 2
∇ h.
κm

(46)

With Eq. (46), the Euler equations become
γ
h) = 0,
κ̃b
κtw γ
− κ̃b )∇(∇2 h) = 0,
− κtw ∇2 m + κm m + (
κm

κ̃b ∇2 (∇2 h −

(47a)
(47b)

where we defined a rescaled bending constant as


γ
.
κ̃b ≡ κb 1 +
κm
The lengthscale governing height variations in the presence of tilt is thus given by
p
ξ˜−1 ≡ κ̃b /γ.

(48)

(49)

Note that Eq. (47b) can be simplified even more by applying a curl and using the fact that the curl commutes with
the Laplacian of a vector field. We obtain
−κtw ∇2 (∇ × m) + κm (∇ × m) = 0.

(50)

To derive the force balance, we consider variation of the boundary conditions in Eq. (44). The director field m can
be written as sum of two independent fields m = mp + mc where ∇ × mp = 0 and ∇ · mc = 0. Variation of Hhtilt
with respect to h and m and use of Eqns. (45a,45b) yields
Z
γ
h + ∇ · mp )δh + κtw δm × (∇ × mc )]n ds,
(51)
δHhtilt |bc = [κb (∇2 h + ∇ · mp )(∇δh + δm) − κb ∇(∇2 h −
κb
where n denotes a normal vector in the membrane plane pointing outwards from the membrane area determined by
the contour path s. Note that the usage of nabla operator rules to derive Eq. (51) yielded a variation δm that was
not split into mp and mc as in the terms ∇ · mp and ∇ × mc . Due to the boundary conditions at the channel
walls (42), (∇δh + δm)|r=b must vanish. Therefore, tilt and height variations are not independent and the first term
in Eq. (51) vanishes. Furthermore, we assume (∇ × mc )|r=b = 0 to have a vanishing last term. We are thus left with
the condition
Z
Z
δHhtilt |bc
γ
p
2
0=
h + ∇ · m )]n ds = −κ̃b ∇(∇2 h − ξ˜2 h)n ds,
(52)
= [−κb ∇(∇ h −
δh
κb
which expresses a balance of all forces applied to the membrane edges. In our case, the force F on the channel is
balanced by a counterforce acting on the membrane perimeter at r = L. From Eq. (52), we see that the formula for
force F is exactly the same as in absence of tilt (Eq.(30)) when κb is replaced with the rescaled quantity κ̃b as


(53)
F = − κ̃b 2π∂r ξ̃ 2 h − ∇2 h r|r=b .
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The solutions that satisfy the imposed boundary conditions are
˜
F log(L/r)
(F + 2bαγπ)K0 (rξ)
−
,
˜ 1 (bξ)
˜
2γπ
2bπγ(1 + γ/κm)ξK
˜
(F + 2bαγπ)K0 (rξ)
.
m = êr
˜
2bπ(κm + γ)K1 (bξ)
h=

(54a)
(54b)

We insert these solutions into Eq. (44) and then calculate the energy in the constant force ensemble
tilt
Fm
= Hutilt − γ̃πb2 +

˜
(F + 2πγbα)2 K0 (bξ)
F 2 log(L/b)
−
.
˜ 1 (bξ)
˜
4πγ (1 + γ/κm) bξK
4πγ

(55)

This expression has the same form as the analogous formula for the model without lipid tilt, Eq. (37). The
difference occurs through a rescaling of the bending constant given in Eqns. (48,49). Measurements [12] and
simulations [16] have reported that κm ≃ [10 − 25] kB T/nm. For unusually large membrane tension we have at most
γ/κm ∼ 0.1. Therefore, the effect of tilt on midplane deformation energy is small.

IV.

EXPERIMENTS: MEMBRANE THICKNESS PERTURBATION AND GATING PROBABILITY

Controlled mechanical stimulation of membrane channels can be done either by a patch-clamp
measurements [17, 18] or by applying force to the membrane with a bead in an optical trap [19]. The latter
technique has the advantage that it does not perturb the membrane tension strongly, which allows investigation of
the tether mechanism. Optical traps and magnetic beads allow to apply constant forces, which corresponds to the
constant force ensemble studied in this letter. Measurement of the channel response requires here either a whole-cell
patch-clamp technique or fluorescent imaging of the transported ion [19].
If the gating probability along with applied forces can be measured, a variation of membrane thickness and tension
allows to investigate membrane-dependent gating mechanisms. For a two-state channel in equilibrium, the gating
probabilities at constant force are given by

 F
F
F
− open
− open
− close
(56)
popen = e kB T / e kB T + e kB T .
Measurement of probabilities also allows to reconstruct the energy difference between open and closed states as
log (popen /pclose ) = (−Fopen + Fclose ) /kB T.

(57)

Since parameter values for genuine force-sensitive channels such as TRPN are presently not available, we assume
channel properties that are similar to those of TREK-1 [20], summarized in Tab. S1. Figure S3 displays the
calculated gating probabilities for the model channel. In normal conditions, gating occurs when the channel is pulled
with ∼ −5 pN. If the membrane thickness is changed, e.g., biochemically, a mismatch between the hydrophobic
channel thickness and the membrane thickness shifts gating to higher absolute force values. Figure S3a2)
demonstrates that changing hydrophobic mismatch leads to a parallel translation of the log (popen/pclose ) curve.
Figure S3b1) illustrates the dependence of the gating curve on the membrane tension. High tension increases the
absolute values of force needed for gating. However, in contrast to hydrophobic mismatch, tension changes the slope
of the log (popen /pclose ) curves, as seen in Fig. S3b2).

V.

INTERACTION BETWEEN TWO CHANNELS

We consider two circular channels as depicted in Fig. S4a). The channel radii are denoted by b{1,2} . The
center-to-center distance between the proteins is denoted by R. Following Ref. [3], we take R to be much larger than
b1 and b2 and use a multipole expansion to calculate interaction energies. Since the thickness perturbations u decay
on a nm-lengthscale, channel interaction due to u will become negligible in the considered limit and we focus on
interaction through height h.
To avoid the mathematical complications arising from long-range deformations, we assume here a supported
membrane where vertical membrane displacements h are penalized by a quadratic potential with stiffness per area ǫ.
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FIG. S3. Gating curves for a force-sensing two-state channel. a1) Increasing hydrophobic mismatch shifts the occurrence of
gating to higher absolute force values. a2) The energy difference between open and closed state is shifted while maintaining
the same slope. b1) Increasing membrane tension also increases the absolute force necessary for gating. b2) Tension changes
the slope of the force-dependent energy difference between the states.
Conical angle (closed)
Angle change for gating
Radius (closed)
Radius change for gating
Internal energy (closed)
Internal energy (open)
Hydrophobic channel thickness (closed and open)
Bending constant
Compression modulus

αc
−0.22 rad
∆α
+0.38 rad
bc
2.37 nm
∆b
0.2 nm
Fint,c
−4 kB T
Fint,o
0
2 ℓC 2 × 1.75 nm
κb
25 kB T
κa 40 kB T/nm2

TABLE S1. Representative parameter values chosen for calculation of gating probabilities in Fig. S3

As the very last step we will consider the limit ǫ → 0. Employing a rescaled elastic constant ϑ ≡ ǫ/κb the new
Hamiltonian governing h reads
Z

κb  2 2
Hh,ǫ =
(58)
(∇ h) + ξ 2 (∇h)2 + ϑh2 d2 r,
2

where the integral extends over the whole membrane. The Euler-Lagrange equations determining the membrane
shape are now
2
2
2 2
2
2
0 = ∇2 (∇2 − ξ 2 )h + ϑh = ∇2 ∇2 h − (ν+
+ ν−
)∇2 h + ν+
ν− h = (∇2 − ν+
)(∇2 − ν−
)h,

(59)

where we defined two scales
2
ν±
≡ (ξ 2 ±

p
ξ 4 − 4ϑ)/2.

(60)
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2
Note that the ν±
become imaginary if the elastic constant is large ξ 2 − 4ϑ < 0. Then we expect decaying oscillatory
solutions for h.

As shown in Fig. S4a), we employ two polar coordinate systems (rk , ϕk ), k ∈ {1, 2} that are centered on either of the
two channels. Every point on the membrane can be described by any of these systems. Figure S4b) shows the angles
that are used to parametrize the channel-membrane interface. The channels are tilted by angles β{1,2} with respect
to the horizontal plane. The conical angles α{1,2} are determined by the shape of the channels. Taken together, the
boundary conditions for the membrane at the channels become
h(r1 , ϕ1 )|r1 =b1
h(r2 , ϕ2 )|r2 =b2
∂r1 h(r1 , ϕ1 )|r1 =b1
∂r2 h(r2 , ϕ2 )|r2 =b2

= h(r1 = 0) + b1 β1 cos(ϕ1 ),
= h(r2 = 0) + b2 β2 cos(ϕ2 ),
= α1 + β1 cos(ϕ1 ),
= α2 + β2 cos(ϕ2 ).

(61a)
(61b)
(61c)
(61d)

Vertical forces F{1,2} are applied to the center of both channels. These forces result in membrane deformation.
However, since the channels can tilt freely, the torque on the membrane vanishes. These conditions allow to
determine the tilt angles β{1,2} and the height at the channel centers h(r{1,2} = 0). The corresponding boundary
conditions read
0 =κb

Z

2π

0

0 =κb

Z

2π

0

F1 =κb

Z

2π

0

F2 =κb

Z

0

2π






∂r1 (ξ 2 h − ∇2 h)b1 + ∇2 h b1 cos ϕ1 dϕ1 |r1 =b1 ,


∂r2 (ξ 2 h − ∇2 h)b2 + ∇2 h b2 cos ϕ2 dϕ2 |r2 =b2 ,


∂r1 ∇2 h − ξ 2 h b1 dϕ1 |r1 =b1 ,


∂r2 ∇2 h − ξ 2 h b2 dϕ2 |r2 =b2 .

(62a)
(62b)
(62c)
(62d)

We aim to calculate h(r) in the close vicinity of either of the channels. Assuming that R ≫ b{1,2} , one might write

FIG. S4. a) Top view on the geometry used to describe interaction between two channels in the membrane. Vertical forces
F{1,2} are applied on the center of the channels. b) Side view on a channel. βk is the tilt angle of the channel mid-plane with
respect to a horizontal plane. αk is the conical angle between a channel wall normal and the mid-plane. αk is determined by
the channel shape.

h(r) close to channel k as solution for only that channel plus a perturbation from the other channel. For one channel
2
only, the solution of Eq. (59) is given by a linear combination of the solutions of (∇2 − ν−
)h−
k = 0 and
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2
(∇2 − ν+
)h+
k = 0 as
−
hk = h+
k + hk ,
∞
X
k±
k±
h±
=
ck±
n Kn (ν± rk ) cos(nϕk ) ≈ c0 K0 (ν± rk ) + c1 K1 (ν± rk ) cos(ϕk ),
k

(63)
(64)

n=0

where the multipole series is truncated after the first moment. Close to channel 1, we wish to express the
perturbation due to channel 2 in coordinates r1 , ϕ1 . The pertaining geometrical relations (see Fig. S4), can be
expanded in powers of r1 /R as
q
(1 − cos2 (ϕ1 )) r12
,
r2 = R2 + r12 − 2Rr1 cos(ϕ1 ) ≈ R − r1 cos(ϕ1 ) +
2R
(65)
(1 − cos2 (ϕ1 )) r12
cos(ϕ2 ) = (r1 cos(ϕ1 ) − R) /r2 ≈ −1 +
.
2R2
Conversely, close to channel 2 we have
r1 =

q
R2 + r22 + 2Rr2 cos(ϕ2 ),

(66)

cos(ϕ1 ) = (r2 cos(ϕ2 ) + R) /r1 .

Using these relations, we express h close to either of the two channels. For example, in the vicinity of channel 1, a
Taylor expansion in powers of r1 /R leads to

1+
1−
1+
h(r1 , ϕ1 )|r1 ≈b1 ≈ c1−
0 K0 (ν− r1 ) + c0 K0 (ν+ r1 ) + c1 K1 (ν− r1 ) + c1 K1 (ν+ r1 ) cos(ϕ1 )
2+
+ c2−
0 (K0 (ν− R) + r1 ν− K1 (ν− R) cos(ϕ1 )) + c0 (K0 (ν+ R) + r1 ν+ K1 (ν+ R) cos(ϕ1 ))

2
r12 ν−
r1 ν−
K1 (ν− R) −
(K0 (ν− R) + K2 (ν− R)) cos(ϕ1 ))
4
2
2
r12 ν+
r1 ν+
+ c2+
K1 (ν+ R) −
(K0 (ν+ R) + K2 (ν+ R)) cos(ϕ1 )).
1 (−K1 (ν+ R) −
4
2

+ c2−
1 (−K1 (ν− R) −

(67)

The first line in Eq. (67) is just the effect of channel 1. The following lines represent the perturbation by the farfield
around channel 2. Inserting the expansions for h into the boundary conditions and into the force and torque balance
leads to lengthy systems of linear equations for the coefficients of different order. The resulting first coefficients are
approximately given by
ck±
0 = ∓

2
Fk + 2bk αk κb πν±
2 − ν 2 )K (b ν ) ,
2bk κb πν± (ν+
1 k ±
−

2
c1±
1 = ∓b1 ν±

2
2
2
2
(ν−
+ ν+
)(ν− (F2 + 2b2 α2 κb πν−
)K1 (Rν− ) − ν+ (F2 + 2b2 α2 κb πν+
)K1 (Rν+ ))
,
2
2
2
4κb π(ν− − ν+ )

2
c2±
1 = ±b2 ν±

2
2
2
2
(ν−
+ ν+
)(ν− (F1 + 2b1 α1 κb πν−
)K1 (Rν− ) − ν+ (F1 + 2b1 α1 κb πν+
)K1 (Rν+ ))
,
2
2
2
4κb π(ν− − ν+ )

(68)

where terms up to the third power of the radii (b31 , b32 , b21 b2 , b22 b1 ) were taken into account. Errors in the given
coefficients occur beyond this order.
To calculate the energy of the membrane, we employ Green’s second identity and convert the surface integral in
Eq. (58) to line integrals around the contours of the membrane
Z
I

 4
κb
κb
h∇ h − ξ 2 h ∇h + ϑh2 d2 r +
(n · ∇h)∇2 h − h(n · ∇∇2 h) + ξ 2 h(n · ∇h) ds,
(69)
Hh,ǫ =
2
2
where n is the unit normal vector on the contour pointing outwards. In equilibrium, Eq. (59) holds and the surface
integral in Eq. (69) vanishes. Due to the assumption of an elastic membrane support, force acting on the channels is
balanced by the whole system, not just at the outer perimeter of the membrane. Therefore, we can assume a flat
membrane at the outer perimeter when L → ∞. Thus, the energy becomes
Z

κb 
(70)
−∂r h ∇2 h + h∂r ∇2 h − ξ 2 h∂r h r dϕ1 |r=b1 + contour at 2.
Hh,ǫ =
2
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2 +
2 −
To evaluate the Laplace operators in Eq. (70) consistently, we employ ∇2 h = ν+
h + ν−
h . Leaving the energy Hu
of membrane thickness perturbations around individual channels aside, the membrane energy can be written as

Fm,ǫ = Hh,ǫ + γπ(L2 − b21 − b22 ) − F1 h1 |r1 =0 − F2 h2 |r2 =0 .

(71)

We are not interested contributions of the energy that do not depend channel radii or conical angles. These are
calculated from Eq. (71) to be
Fm,ǫ | b{1,2} =0 = γπL2 +
α{1,2} =0

−2F1 F2 K0 (Rν− ) + 2F1 F2 K0 (Rν+ ) + (F12 + F22 ) log(ν− /ν+ )
.
2 − ν2 )
4κb π(ν+
−

(72)

This energy is subtracted from the energy to obtain F̃m,ǫ = Fm,ǫ − Fm,ǫ | b{1,2} =0 .
α{1,2} =0

Next, we take the limit of vanishing elastic support ǫ → 0. From the definition (60) of the lengthscales ν± we then
2
2
find ν+
→ ξ 2 and ν−
→ 0. For the energy we write
F̃m = lim F̃m,ǫ .
ǫ→0

(73)

The full expression for F̃m is lengthy, but can be somewhat abbreviated by subtracting the unperturbed energy of
the single channels F̃m,{1,2} that can be calculated from Eq. (37). Keeping only terms up to cubic order in bk we find
F̃m,R = F̃m − F̃m,1 − F̃m,2 ≈
2πb1 α1 α2 b2 κb ξ 2 K0 (Rξ) + K0 (Rξ)(b1 α1 F2 + α2 b2 F1 )

1
+ K0 (Rξ) ξ 2 b21 (2X1 + 1) + ξ 2 b22 (2X2 + 1) (b1 α1 F2 + α2 b2 F1 )
8
b1 b2 ξK1 (Rξ)(RξK1 (Rξ) − 1)(b1 α2 F2 + α1 b2 F1 )
−
2R


F1 F2 K0 (Rξ) b21 (2X1 + 1) + b22 (2X2 + 1)
(RξK1 (Rξ) − 1)2 b21 F22 + b22 F12
+
,
−
8πκb R2 ξ 2
16πκb

(74)

where Xk = −Γe − log(ξbk /2). For b1 = b2 and vanishing forces F{1,2} = 0, we recover the solution given in Ref. [3] as
F̃m,R ≈ 2πκb α1 α2 ξ 2 b21 K0 (Rξ).

(75)

When forces are present, we have up to linear order in channel radii
F̃m,R ≈ (α2 b2 F1 + b1 α1 F2 )K0 (Rξ).
The main text contains an expansion of Eq. (74) for the assumption F1 = F2 .

(76)
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FIG. S5. Two-channel interaction energy relative to the single-channel energy for infinitesimal conical deformation of channel
1. For close distances Rξ ≪ 1, the interaction energy becomes comparable to the single-channel energy. Lines end at the
minimum distance R = (b1 + b2 ). Parameters: b{1,2} = 3 nm, α2 = 0, κb = 25 kB T, F 6= 0.
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